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PLANARITY IN HIGHER-DIMENSIONAL CONTACT MANIFOLDS
BAHAR ACU AND AGUSTIN MORENO
ABSTRACT. We obtain several results for (iterated) planar contact manifolds in
higher dimensions: (1) Iterated planar contact manifolds are not weakly symplec-
tically semi-fillable. This generalizes a 3-dimensional result of Etnyre [10] to a
higher-dimensional setting. (2) They do not arise as nonseparating weak contact-
type hypersurfaces in closed symplectic manifolds. This generalizes a result by
Albers-Bramham-Wendl [4]. (3) They satisfy the Weinstein conjecture, i.e. every
contact form admits a closed Reeb orbit. This is proved by an alternative approach
as that of [2], and is a higher-dimensional generalization of a result of Abbas-
Cieliebak-Hofer [1]. The results follow as applications from a suitable symplectic
handle attachment, which bears some independent interest.
1. INTRODUCTION
Contact structures in every odd dimension can be understood via open book de-
compositions, a correspondence which has been established by important work of
Giroux [16]. In dimension three, planar contact manifolds, those that correspond to
an open book decomposition with genus zero pages, are in some sense the simplest
contact 3-manifolds. For instance, their strong symplectic fillings, when they ex-
ist, carry Lefschetz fibrations inducing the given planar open book decomposition
along their boundary [33]. This implies that the classification of strong symplectic
fillings of a planar contact manifold boils down to studying Dehn twist factoriza-
tions in the mapping class of a genus zero surface.
While overtwisted contact structures are planar [10], there are known obstruc-
tions to planarity in dimension three. For instance, Etnyre [10] proves that if W is
a weak symplectic filling of a contact 3-manifold M supported by a planar open
book decomposition, then the boundary of W is connected. Moreover, planar con-
tact 3-manifolds do not admit nonseparating embeddings as weak contact-type
hypersurfaces inside closed symplectic 4-manifolds [4, 29]. Etnyre’s result can ac-
tually be recovered from this result (in the strong filling case), as it follows easily
from the existence of symplectic caps in dimension three [7, 11].
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2 BAHAR ACU AND AGUSTIN MORENO
In higher dimensions, there are natural generalizations of planarity. For in-
stance, one can replace a fibration defining an open book decomposition by a fi-
bration whose fibers are still genus zero surfaces with boundary, but such that the
base is now a higher-dimensional closed contact manifold. One could also con-
sider contact manifolds admitting a submanifold with the structure of a contact
fibration over a Liouville domain of arbitrary dimension, whose fibers are closed
planar contact 3-manifolds. Both of these lead naturally to (planar versions of) the
notion of spinal open book decomposition or SOBD, as discussed in [28] based on the
three dimensional notion defined in [25].
An alternative generalization is to consider standard open book decompositions
in higher dimensions, keeping S1 as the base of the symplectic fibration, but im-
pose the condition that the fibers carry a suitable structure which is inductively
built from a low-dimensional planar structure. In this vein, the following notion
was introduced in [2].
Given a (2n − 2)-dimensional Weinstein domain (W 2n−2, ω), we say that W ad-
mits an iterated planar Lefschetz fibration if there exists a sequence fi : W 2i → D2 of
exact symplectic Lefschetz fibrations, i = 2, . . . , n − 1, where the regular fiber of
fi+1 is the total space of fi, and f2 : W 4 → D2 is a planar Lefschetz fibration. We
denote its regular fiber by W 2, which is simply a genus zero surface with bound-
ary. Observe that when n = 3, an iterated planar Lefschetz fibration is a planar
Lefschetz fibration.
An iterated planar contact manifold (M, ξ) is a (2n− 1)-dimensional contact mani-
fold supported by an open book decomposition OB(W 2n−2, ϕ) whose page W 2n−2
admits an iterated planar Lefschetz fibration. Note that when n = 3, M is a contact
5-manifold supported by an open book decomposition whose page admits a pla-
nar Lefschetz fibration, inducing a planar open book decomposition in the bind-
ing. We refer the reader to Section 2 and also [3] for a more detailed discussion on
iterated planarity.
Conventions. Throughout the paper, we will abbreviate iterated planar as IP, we will
refer to an open book decomposition as in the above definition as an IP open book decom-
position, and we will denote M2n−1 = OB(W 2n−2, ϕ). Lastly, when we talk about a weak
symplectic semi-filling, we will mean a symplectic manifold with disconnected weakly
dominated contact boundary. We will usually keep track of dimensions in the notation,
in order to avoid confusion (while perhaps making the notation a bit cumbersome in some
places).
Statements of the results. In [26], several examples of (exactly) symplectically
semi-fillable higher-dimensional contact manifolds were constructed. It is then
natural to wonder which contact manifolds can fit into a symplectic semi-filling.
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The first result of this paper, generalizing Etnyre’s 3-dimensional result [10], is an
obstruction to iterated planarity. The statement reads as follows:
Theorem A. IP contact manifolds are not weakly symplectically semi-fillable.
In other words, if a contact manifold M is weakly symplectically semi-fillable,
then it cannot be iterated planar. A further obstruction to iterated planarity, which
generalizes a result by Albers-Bramham-Wendl [4], is the following:
Theorem B. IP contact manifolds do not embed as nonseparating weak contact-type hy-
persurfaces in closed symplectic manifolds.
In other words, if an IP contact manifold admits a weak contact-type embed-
ding into a closed symplectic manifold, then it separates the latter into two disjoint
pieces.
By the work of Lisca and Matic´ [24], we know that Stein fillings of contact man-
ifolds can be embedded into closed symplectic manifolds. That is, Stein fillable
contact manifolds admit symplectic caps. For general higher-dimensional contact
manifolds, it was not known until very recently that they admit (strong) symplectic
caps [6, 23]. This fact can be used to recover Theorem A (with the word “weakly”
replaced by “strongly”) from Theorem B, but our proof is independent of the exis-
tence of caps.
Recall that given a contact form λ for a contact manifold (M, ξ), there exists a
unique contact vector field called the Reeb vector field Rλ, defined by the equations
ιRλdλ = 0 and λ(Rλ) = 1. The Weinstein conjecture [32] states that, on a com-
pact contact manifold (M, ξ) of any odd dimension, any Reeb vector field Rλ for
ξ carries at least one closed periodic orbit. This is a central conjecture in contact
and symplectic topology, which has been inspirational for many developments in
these fields, and which has a rich history. In dimension three, it was established
by Taubes [30] (based on Seiberg-Witten theory), which culminated a large body of
work by several people extending over more than two decades. In higher dimen-
sions, though there are several partial results [5, 14, 20, 31], it is still open.
Prior to Taubes’s work, Abbas-Cieliebak-Hofer [1] developed a program for
proving the Weinstein conjecture based on open book decompositions, and proved
the conjecture for planar contact 3-manifolds. In this paper, we prove the Weinstein
conjecture for the case of IP contact manifolds, by an alternative approach as that
of [2], which is then a generalization of the result by Abbas-Cieliebak-Hofer to
higher dimensions. The proof of the following is a suitable adaptation of the proof
in [5] for overtwisted contact manifolds:
Theorem C. IP contact manifolds satisfy the Weinstein conjecture.
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Given the results in this paper, it is then natural to wonder whether there is any
relationship between (a suitable version of) planarity in higher dimensions, and
overtwistedness:
Question. Are higher-dimensional overtwisted contact structures iterated planar? Or
rather, are overtwisted contact structures supported by a planar spinal open book decom-
position, or a suitable higher-dimensional notion of planarity?
1.1. Sketch of proofs. The technical input for obtaining the results is a suitable
symplectic handle attachment, which is directly inspired by the handle attach-
ments in [7] and [25]. We fix an IP contact manifold M2n−11 = OB(W
2n−2
1 , ϕ) where
W 2n−21 admits an IP Lefschetz fibration, yielding an IP open book decomposition
inM2n−11 . The manifoldW
2n−2
1 carries a natural homotopy class of Weinstein struc-
tures, which gives a supported contact structure in M2n−11 via a construction due
to Giroux. We will construct a symplectic cobordism (C2n, ωC2n) from M2n−11 (a
strongly concave boundary component), to a new manifold M2n−12 , which is a sta-
ble boundary component of C2n, and so carries a stable Hamiltonian structure in-
duced from the symplectic structure ωC2n in C2n. We shall do this by induction
in the dimension, constructing a “handle” at each step, using as input the handle
constructed in the previous step of the induction. The base case corresponds to the
first step of Eliashberg’s capping construction [7] (See also the spine removal surgery
in [25]).
Topologically, the effect of this handle attachment is to replace the given IP
open book decomposition in M2n−11 by a topological open book decomposition in
M2n−12 . Its pages W
2n−2
2 = W
2n−2
1 ∪ C2n−2 have been enlarged by a symplectic
cobordism C2n−2 (constructed in the previous step, where we replace M2n−11 by
M2n−31 = ∂W
2n−2
1 ), the monodromy ϕ extends toW
2n−2
2 by the identity alongC2n−2,
and the new binding M2n−32 = ∂W
2n−2
2 has an abundance of embedded 2-spheres.
Here, we make a distinction between a topological open book, and a contact open
book, since the pages of the former type of open book are no longer Liouville, and
hence the manifoldM2n−12 does not carry any obvious supported contact structure.
We shall denote this by M2n−12 = TOB(W
2n−2
2 , ϕ). For a suitable almost complex
data on C2n compatible with the stable Hamiltonian structure at M2n−12 , and which
makes M2n−12 a weakly pseudoconvex boundary component, these spheres in the
new binding M2n−32 become holomorphic.
After adding a marked point, the virtual dimension of the resulting moduli
space is 2n, and we obtain an evaluation map. One can show that a local unique-
ness lemma holds, implying that the only spheres in the moduli space that touch
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a suitable subregion of M2n−12 are the ones that we constructed “by hand”. More-
over, the latter can be shown to be Fredholm regular, so that the moduli space is a
manifold of dimension 2n near them.
The cobordism C2n can be further modified, so that it may be glued to any sym-
plectic manifold having M2n−11 as a weak boundary component. Whereas the sta-
ble Hamiltonian structure along M2n−12 is slightly perturbed, the modification may
be chosen so that it does not affect the holomorphic spheres and the Local Unique-
ness Lemma. The regions along which the original stable Hamiltonian structure
is actually contact, become weakly dominated after the perturbation, whereas the
region where the spheres are defined, and the Local Uniqueness Lemma holds,
remains stable.
The unifying idea for all the results is inspired by the proof of Theorem 6.1
in [26]. Given a symplectic manifold W 2n having M2n−11 as a –weak or strong–
contact-type boundary component (either a hypothetical weak symplectic semi-
filling, or one we construct), we attach the cobordism (C2n, ωC2n) to W 2n. We thus
obtain a new symplectic manifold which we still call W 2n, having stable bound-
ary M2n−12 . We then extend the moduli space of spheres to W 2n together with the
evaluation map. After choosing a generic and properly embedded path in W 2n
starting from the region where local uniqueness holds, we study the sub-moduli
space of spheres which are constrained to intersect this path via the evaluation
map, which has virtual dimension equal to 1. While, after taking the Gromov com-
pactification, there could be multiply covered spheres in this moduli preventing
transversality by standard methods, this is dealt with via the polyfold machinery
of Hofer-Wysocki-Zehnder [21] (in the Gromov-Witten case). After introducing
an abstract and generic multivalued perturbation to the Cauchy-Riemann equa-
tion, and appealing to the polyfold regularization of constrained moduli spaces
as in [13], we obtain a 1-dimensional, oriented, weighted branched orbifold with
non-empty boundary. In the case where W 2n is compact (e.g. a semi-filling), this
moduli space is also compact (and we call it a COWBOY). In the case where W 2n
has a noncompact end, this moduli space fails to be compact (and therefore is an
OW-BOY), but its noncompactness is tractable, in the sense that it corresponds to
spheres escaping down the noncompact end of W 2n. Moreover, we may choose
the abstract perturbation away from the subregion where the spheres are known
to be regular and local uniqueness holds.
For Theorem A, W 2n is a hypothetical weak symplectic semi-filling. The bound-
ary of the resulting 1-dimensional COWBOY corresponds to spheres in the con-
strained and perturbed moduli space which touch a boundary component of W 2n.
The local uniqueness statement then yields that there is a unique curve in the
6 BAHAR ACU AND AGUSTIN MORENO
boundary of this moduli space which touches the boundary component M2n−12
(along the weakly pseudoconvex subregion), so that the curves in the other bound-
ary components of the COWBOY necessarily touch other boundary components
of W 2n tangentially. But this is a contradiction, since we can take the almost com-
plex structure so that the latter are strictly pseudoconvex. Observe that, while the
spheres are not necessarily holomorphic (they are solutions to a perturbed Cauchy-
Riemann equation), we can still appeal to pseudoconvexity for sufficiently small
abstract perturbation, as follows easily from a Gromov compactness argument.
For Theorem B, we adapt the proof in [4]. Given a hypothetical weak contact-
type embedding ofM2n−11 into a closed symplectic manifold, we cut the latter along
the former. The result is a weak symplectic cobordism W 2n1 having M
2n−1
1 both as
positive and negative weakly dominated boundary components. As in [4], we glue
infinite copies of W 2n1 to itself at the negative end, by inductively identifying pos-
itive end with negative end. The result is a noncompact symplectic manifold W 2n∞
with weak boundary M2n−11 , to which we may apply the symplectic handle attach-
ment construction described above. We get a 1-dimensional OW-BOY, with one
boundary component. By construction, W 2n∞ is periodic, and has infinitely many
copies of M2n−11 sitting as weak contact-type hypersurfaces which can be made
strictly pseudoconvex. Periodicity implies that the geometry of W 2n∞ is bounded,
and so closed holomorphic curves with bounded energy have bounded diameter.
But then the spheres in the OW-BOY cannot shoot all the way down the noncom-
pact end, since otherwise this would contradict with pseudoconvexity. They also
cannot stretch infinitely far down while staying at a bounded distance from the
boundary of W 2n∞ , because of the diameter bounds. This is a contradiction.
The arguments for Theorem C are a reformulation of those in [5]. We construct
an exact symplectic cobordism from an arbitrary contact form to a specific Giroux
form supported by the IP open book decomposition. We attach the symplectic han-
dle, and study the resulting OW-BOY of spheres. Then, Gromov compactness and
the exactness away from the handle implies breaking at the negative end, resulting
in the desired closed Reeb orbit.
Acknowledgments. The authors thank Chris Wendl for suggesting these results
together with simplified proofs, both during the 25th Go¨kova Geometry and Topol-
ogy Conference, and during latter conversations and correspondences.
2. BACKGROUND
In this section, we recall various facts about open book decompositions, Lef-
schetz fibrations, symplectic fillings, and almost complex manifolds as a prepara-
tion for setting up the language for iterated planarity of contact manifolds.
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Unless otherwise indicated, throughout this paper, all contact structures are pos-
itive and co-oriented. Contact and symplectic manifolds will be oriented by their
contact and symplectic structures, respectively.
Open book decompositions. Recall that an open book decomposition of an oriented
(2n+ 1)-dimensional manifold M is a pair (B, pi), where B is a codimension 2 sub-
manifold of M with trivial normal bundle, and pi : M − B → S1 is a fiber bundle,
such that pi agrees with the angular coordinate θ on the normal disk D2 when re-
stricted to a neighborhood B × D2 of B. The closure of the fibers in the fibration
are called pages and B is called the binding of the open book decomposition.
Alternatively, an abstract open book decomposition of a (2n + 1)-dimensional man-
ifold M is a pair (W,ϕ), where W is a compact 2n-dimensional manifold with
boundary, and ϕ : W → W is a diffeomorphism which restricts to the identity
on a neighborhood of ∂W , such that
M = Wϕ
⋃(
D2 × ∂W)
Here, we denote
Wϕ = [0, 1]×W
/
(0, z) ∼ (1, ϕ(z)),
the mapping torus of ϕ. We glue the latter toD2×∂W via the obvious identification:
((θ, p) ∈ ∂Wϕ) ∼
(
(θ, p) ∈ ∂D2 × ∂W) .
The boundary of Wϕ is given by
∂Wϕ = [0, 1]× ∂W
/
(0, z) ∼ (1, z),
since ϕ(z) = z on ∂W . We then call the map ϕ the monodromy and the submanifold
W the page of the open book decomposition. We denote M = OB(W,ϕ).
Such an open book decomposition is said to support a contact structure ξ on M if
it is the kernel of a contact form λ satisfying the following:
(1) λ restricts to a contact form on the binding and
(2) dλ is positively symplectic on the pages W , and the orientation on B in-
duced by the contact form agrees with the boundary orientation on B in-
duced by the symplectic form on W .
If these two conditions hold, then the open book decomposition OB(W,ϕ) is
called a supporting open book for the contact manifold (M, ξ) and the contact form λ
(a Giroux form) is said to be adapted to the open book decomposition OB(W,ϕ).
In 1978, Lawson [22] proved that every odd-dimensional manifold admits an
open book decomposition. However, the question of whether there is an accom-
panying supported contact structure, and vice versa, remained open until early
2000s. In dimension three, the statement of this correspondence, also known as
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Giroux correspondence [16], reads as follows: LetM be a closed oriented 3-manifold.
Then there is a one to one correspondence between oriented contact structures on
M up to isotopy and open book decompositions of M up to positive stabilization.
Giroux correspondence plays a pivotal role in understanding symplectic filling
properties and cobordisms of contact structures (e.g. [7, 10, 11, 15]), which lead to
various topological applications.
There is also a version in higher-dimensions. Recall that a Liouville domain is a
triple (W,ω, λ), where (W,ω = dλ) is a compact exact symplectic manifold with
nonempty boundary, such that the Liouville vector field Vλ on W , associated to the
Liouville form λ via the equation ω(Vλ, ·) = λ, points transversely outwards along
the boundary of W . Note that kerλ is a contact structure on the boundary of W .
For this reason, we say that (W,ω) has convex boundary. Moreover, if ϕ : W → R
is a Morse function for which Vλ is gradient-like and ∂W is a regular level set of ϕ,
then the quadruple (W,ω, λ, ϕ) is called a Weinstein domain.
The higher-dimensional correspondence due to Giroux [16] then reads as fol-
lows: Any exact symplectomorphism ϕ of a Liouville domain (W,ω, λ) gives rise
to a contact structure on the resulting open book decomposition with page W and
monodromy ϕ. Conversely, every closed contact manifold (M, ξ) admits a sup-
porting open book decomposition with Weinstein pages.
In fact, any symplectomorphism of a Liouville domain W which is the identity
near its boundary is isotopic to an exact symplectomorphism relative boundary
(by a lemma of Giroux). The first statement of the correspondence then follows
by an adaptation of Thurston-Winkelnkemper’s construction, whereas the second
is much harder, and uses Donaldson’s almost holomorphic techniques. However,
uniqueness up to positive stabilization is open in higher dimensions.
Symplectic Lefschetz fibrations. Let E be a compact 2n-dimensional manifold
with corners, whose boundary is the union of a “horizontal boundary” ∂hE and
a “vertical boundary” ∂vE meeting in a codimension 2 corner. Let ω = dλ be an
exact symplectic form on W such that both pieces of the boundary are convex.
Now consider a proper smooth map f : E → D2 with finitely many critical points
Crit(f), and denote a regular fiber by F . We then say that f : E → D2 is an exact
symplectic Lefschetz fibration if it satisfies the following properties:
(1) (Lefschetz-type critical points)
The critical points of f are nondegenerate, isolated and belong to the inte-
rior of W . For any p ∈ Crit(f), there are orientation preserving local com-
plex coordinates (z1, . . . , zn) about p on E and f(p) on D2 such that, with
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respect to these coordinates, f is given by the complex map
f(z1, . . . , zn) = z
2
1 + · · ·+ z2n.
Moreover, there is at most one critical point in each fiber of f .
(2) (Symplectic fibers)
Denote by Ez the fiber f−1(z) for any z ∈ D2. We require that the restriction
of ω|Ez\Crit(f) is symplectic, so that the boundary of each regular fiber is con-
vex. That is, regular fibers of f carry the structure of an exact symplectic
manifold with contact type boundary.
(3) (Conditions on the boundary)
We require that
∂vE = f
−1(∂D2), ∂hE =
⋃
z∈D2
∂(f−1(z)),
and f |∂vE : ∂vE → ∂D2 and f |∂hE : ∂hE → D2 are surjective smooth fiber
bundles. Moreover, there is a neighborhood N(∂hE) of ∂hE such that the
restriction map f |N(∂hE) : N(∂hE) → D2 is a product fibration D2 × N(∂F )
where N(∂F ) denotes a neighborhood of ∂F .
We note that the corners of E can be smoothed to make the resulting manifold
into an honest Liouville domain (W,ω, λ).
Iterated planar contact manifolds. By a recent result of Giroux and Pardon [17],
we know that any Weinstein domain admits a Weinstein Lefschetz fibration over
D2 with Weinstein fibers. We can consider Weinstein Lefschetz fibrations as a spe-
cial case of the symplectic Lefschetz fibrations on Liouville domains. Once we
are given an exact symplectic Lefschetz fibration on a Weinstein domain, one can
further construct an exact symplectic Lefschetz fibration on the codimension two
Weinstein fiber, and iterate this process until the Liouville fiber is 4-dimensional.
This idea leads us to the following definitions introduced in [2].
Definition 2.1. An iterated planar Lefschetz fibration f : (W 2n, ω) → D2 on a 2n-
dimensional Weinstein domain (W 2n, ω) is an exact symplectic Lefschetz fibration
satisfying the following properties:
(1) There exists a sequence of exact symplectic Lefschetz fibrations fi : (W 2i, ωi)→
D2 for i = 2, . . . , n with f = fn.
(2) The total space (W 2i, ωi) of fi is a regular fiber of fi+1, for i = 2, . . . , n− 1.
(3) f2 : (W 4, ω2)→ D2 is a planar Lefschetz fibration, i.e. the regular fiber of f2
is a genus zero surface with nonempty boundary, which we denote by W 2.
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For n ≥ 2, the unit disk cotangent bundle W 2n = D∗Sn admits an iterated pla-
nar Lefschetz fibration where each regular fiber is D∗Sn−1, and the Lefschetz fi-
bration on D∗S2 is planar with fibers D∗S1 = [0, 1] × S1. Similarly, consider the
Ak-singularity, which can be symplectically identified with
{(z1, . . . , zn) | z21 + · · ·+ z2n−1 + zk+1n = 1} ⊂ (Cn, ωstd)
for n ≥ 3 and k ≥ 2. It is important to note that the Ak-singularity can be ex-
pressed as a plumbing of k copies of D∗Sn−1. Observe that each regular fiber of the
Lefschetz fibration on the Ak-singularity, defined by the projection onto the last
coordinate zn, is D∗Sn−1. This observation together with the existence of an iter-
ated planar Lefschetz fibration on D∗Sn−1 imply that the Ak-singularity admits an
iterated planar Lefschetz fibration.
Here we remark that not every 4-manifold with nonempty boundary admits a
planar Lefschetz fibration overD2. As a counterexample, consider T 2×D2. Assume
to the contrary that T 2 × D2 admits an iterated planar Lefschetz fibration. Then
there must be a planar Stein fillable contact structure on the boundary of T 2 × D2.
Note that ∂(T 2×D2) = T 3, which admits a unique Stein fillable contact structure [9]
and is known to be nonplanar [10]. Hence, T 2×D2 does not admit such a fibration.
If f : W → D2 is an iterated planar Lefschetz fibration, then, after smoothing the
corners, the boundary of W inherits an open book decomposition whose pages are
diffeomorphic to the regular fibers of f . The following definition is motivated by
looking at the open book decomposition induced by the boundary restriction of an
iterated planar Lefschetz fibration.
Definition 2.2. An iterated planar open book decomposition of a contact manifold
(M2n+1, ξ) is an open book decomposition OB(W,ϕ) whose page W admits an it-
erated planar Lefschetz fibration.
Recall from the higher-dimensional correspondence [16] that every closed con-
tact manifold admits a supporting open book decomposition with Weinstein pages.
In what follows, we make use of this fact and iterated planar open book decompo-
sitions to define iterated planar contact manifolds.
Definition 2.3. For any n > 1, an iterated planar contact manifold (M, ξ) is a (2n+ 1)-
dimensional contact manifold supported by an open book decomposition whose
Weinstein page admits an iterated planar Lefschetz fibration.
Consider the standard contact 5-sphere (S5, ξst). We know that it is supported
by an open book decomposition with planar binding (S3, ξst) and exact symplectic
page (D4, ωst) whose monodromy is the identity. Hence, (S5, ξst) is an iterated
planar contact manifold.
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For a more detailed discussion on iterated planarity of contact manifolds, we
refer the reader to [3].
Almost complex and stable Hamiltonian structures. Let (M, ξ) be a (2n + 1)-
dimensional contact manifold and λ be a nondegenerate contact form on M . Let
W be a 2n-dimensional manifold. An almost complex structure J on W is a linear
isomorphism J : TW → TW such that J2 = −1. (W,J) is then called an almost
complex manifold.
When W is equipped with a symplectic form, one has to examine the com-
patibility of symplectic form with almost complex structure. An almost complex
structure J on a symplectic manifold (W,ω) is said to be compatible with ω (or ω-
compatible) if ω(Ju, Jv) = ω(u, v), for any u, v ∈ TW , and ω(v, Jv) > 0 for any
nonzero vector v ∈ TW .
It is well-known that the set of all almost complex structures on a symplectic
manifold (W,ω) is nonempty and contractible. Hence, the tangent bundle TW can
be considered as a complex vector bundle, uniquely up to homotopy.
Let (F, j) be a Riemann surface and (W,J) be an almost complex manifold. A
J-holomorphic (or pseudoholomorphic) curve is then a smooth map u : (F, j)→ (W,J)
such that it satisfies the following non-linear Cauchy-Riemann equation at every
point:
du ◦ j = J ◦ du
or, equivalently, ∂Ju = 0.
We now define a special class of compatible almost complex structures on the
symplectization (R × M,d(esλ)). Since R × M is noncompact, an almost complex
structure J on R ×M needs to satisfy certain conditions near infinity in order to
control the behavior of the space of pseudoholomorphic curves far away. Note that
the symplectization of M inherits a natural splitting of the tangent bundle
T (R×M) = R〈∂s〉 ⊕ R〈Rλ〉 ⊕ ξ,
where ∂s is the unit vector in the R-direction.
An almost complex structure J on R×M is then called λ-compatible if
(1) J is R-invariant,
(2) J(∂s) = Rλ and J(−Rλ) = ∂s,
(3) J(ξ) = ξ,
(4) J |ξ is dλ-compatible.
Let (M, ξ) be a contact type hypersurface in a Weinstein domain (W,ω = dλ).
An ω-compatible almost complex structure J on W is called (M,λ)-compatible if J
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restricts to a λ|M -compatible almost complex structure on a collar neighborhood of
M .
A stable Hamiltonian structure H on a (2n+ 1)-dimensional oriented manifold M
is a pair (Ω,Λ) consisting of a closed 2-form Ω and 1-form Λ defined on M with the
following properties:
(1) ker Ω ⊂ ker dΛ
(2) Λ ∧ Ωn > 0
In dimension three, the condition (1) can be equivalently written as dΛ = gΩ
where g : M → R is a smooth function. Observe also that the condition (2) is
equivalent to Ω|ξ is nondegenerate, where ξ = ker Λ is a co-oriented hyperplane
distribution. In other words, (ξ,Ω|ξ) is a symplectic vector bundle. We call con-
dition (1) the stabilizing condition, whereas condition (2), the framing condition.
The Reeb vector field R associated to H is defined by the equations Ω(R, ·) = 0,
Λ(R) = 1. Observe that if λ is a contact form, then (dλ, λ) is a stable Hamiltonian
structure, which we say is a contact stable Hamiltonian structure. On a neighbor-
hood (−, )×M of M , for  > 0 sufficiently small, d(sΛ) + Ω is a symplectic form
where s ∈ (−, ). One can generalize this further to R×M by letting the symplec-
tic form onR×M be ωφ = d(φ(s)Λ)+Ω where φ : R→ (−, ) is a strictly increasing
function. The symplectization of (M,H) is then symplectomorphic to (R×M,ωφ).
Moreover, we have an analogous notion of almost complex structures compatible
with a given stable Hamiltonian structure.
Symplectic fillings and pseudoconvexity. In this section, we recall some notions
of symplectic fillings of contact manifolds.
We start by recalling some notions from the world of almost complex manifolds.
Let (W,J) be an almost complex manifold with boundary M = ∂W . We then
say that (W,J) has strictly pseudoconvex (or sometimes called strictly J-convex)
boundary (M, ξ) if M is a regular level set of a J-convex function whose gra-
dient points outward at the boundary, i.e. the subbundle of complex tangencies
TM ∩ J(TM) ⊂ TM is a positive contact structure whose conformal symplectic
structure tames the restriction of J . Because M is a codimension one submanifold
ofW , there exists a unique hyperplane field ξ of complex tangencies in TM . As ξ is
oriented as a complex bundle, there is a contact form λ on M . Equivalently, we call
M strictly pseudoconvex if dλ(·, J ·)|ξ > 0. Moreover, M is called weakly pseudoconvex
if dλ(·, J ·)|ξ ≥ 0.
We will now recall the notions from the symplectic side.
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A contact 3-manifold (M3, ξ) is weakly fillable if it is the smooth boundary of a
symplectic 4-manifold (W 4, ω) such that ω|ξ > 0. We then call (W 4, ω) a weak-filling
of (M3, ξ). A contact manifold (M2n−1, ξ) is strongly fillable if there exists a weak
filling (W 2n, ω) such that one can find a Liouville vector field Z in a neighborhood
of M . We then call W strong symplectic filling (or convex filling) of M . One can also
think of strong symplectic fillings as a strong symplectic cobordism from the empty
manifold to (M, ξ). Notice that the above definition of weak-filling is strictly for
dimension three. One can generalize this idea to higher dimensions [26] by further
requiring that ω + τdλ|ξ is symplectic for every τ ≥ 0, for one (and hence every)
choice of contact form λ. One says that M is weakly dominated by ω. From [26],
pseudoconvexity and weak domination are equivalent notions in all dimensions.
In dimension 3, there are several notable results concerning weak filling prop-
erties of contact manifolds. Eliashberg [7] and Etnyre [11], independently, show
that any weak filling of a contact 3-manifold can be symplectically embedded into
a closed symplectic 4-manifold. This implies that every contact 3-manifold can be
symplectically capped.
Let (W,ω) be a symplectic manifold with more than one boundary component,
one of which is (M, ξ). If all the boundary components ofW are weakly dominated
by ω then (W,ω) is called a weak semi-filling of (M, ξ), and (M, ξ) is called weakly
semi-fillable. Semi-fillings of contact manifolds can always be turned into honest
symplectic fillings if other boundary components can be symplectically capped
off, which can always be done in dimension three.
3. A HANDLE ATTACHMENT
We consider an IP contact manifold M2n−11 = OB(W
2n−2
1 , ϕ) with an IP open
book decomposition. We will construct a symplectic cobordism (C2n, ωC2n) as de-
scribed in the introduction. The pictorial reference for all of this construction is
given in Figure 1, which contains most of the relevant information, and which the
reader will be encouraged to consult in multiple instances as new objects are intro-
duced.
Base case n = 2. In the case where M31 is a planar contact 3-manifold, we make
use of a construction originally due to Eliashberg [7], and the further adaptations
in [25] used to define the notion of a spine removal surgery.
By doing 0-surgery along the bindingM11 of the planar open book decomposition
in M31 = OB(W 21 , ϕ) (with respect to the page framing), we obtain the manifold
M32 := S
1 × S2, the unique S2-fibration over S1. Here, we have used that the
pages of the original open book decomposition have genus zero. The resulting
4-dimensional cobordism C4 carries a symplectic form ωC4 , which satisfies:
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FIGURE 1. A diagrammatic picture of the cobordism C2n. In order
to obtain C2n from the above diagram, one needs to rotate the output
manifold in the upper left around the S1-direction of the disk D2(2)
in the base, and glue it to itself by the action of the monodromy ϕ (as
indicated by the symbol ϕ in ∂D2(2)).
• ωC4 = d(etα) in a collar neighborhood [0, δ)×M31 , where α is a Giroux form
for the open book decomposition in M31 .
• ωC4 = d(esdθ) + ωS2 in a collar neighborhood (−, 0]× S1 × S2, where  > 0,
s ∈ (−, 0], and ωS2 is an area form in S2.
In other words, the negative end M31 is strongly concave, and the positive end
M32 is stable. The vector field ∂s is stabilizing, andM32 carries the stable Hamiltonian
structure
H3 := (i∂sω|M32 , ω|M32 ) = (dθ, ωS2)
Observe that its Reeb vector field is ∂θ, and its kernel ker dθ = TS2 gives a folia-
tion by spheres.
Given a Weinstein manifold (W 41 , λ) with contact-type boundary (M31 , α) (e.g.
the page of the open book for an IP contact manifold M51 ), we may attach C4 on
top of W 41 to obtain a symplectic manifold (W 42 , ω2) := (W 41 , dλ)
⋃
M31
(C4, ωC4) with
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stable boundary (M32 ,H3). We will use this 4-dimensional construction as input for
our handle construction in dimension 6.
Inductive step. In arbitrary odd dimension 2n − 1 ≥ 5, the inductive input is as
follows:
• An IP contact manifold M2n−11 = OB(W 2n−21 , ϕ), together with an IP open
book decomposition.
• A symplectic cobordism (C2n−2, ωC2n−2) with concave contact-type bound-
ary (M2n−31 , α) = ∂(W
2n−2
1 , dλ), where α is a Giroux form for the open book
decomposition induced by the Lefschetz fibration structure in W 2n−21 ; and
stable positive boundary (M2n−32 ,H2n−3 = (Λ′,Ω′)).
Observe that M2n−31 = OB(W
2n−4
1 , ϕ1), where W
2n−4
1 is the regular fiber of the
Lefschetz fibration in W 2n−21 , and ϕ1 is the product of positive Dehn twists along
the vanishing cycles in W 2n−41 . This means that M
2n−3
1 is again an IP contact man-
ifold, and so we may assume that the symplectic cobordism (C2n−2, ωC2n−2) was
constructed in the previous step.
We will denote
(W 2n−22 , ω2) = (W
2n−2
1 , dλ) ∪ (C2n−2, ωC2n−2),
where the gluing takes place along a collar of the form ((−δ, δ)×M2n−31 , d(etα)), for
some δ > 0. The result is a symplectic manifold with stable boundary (M2n−32 ,H2n−3)
(See Figure 1). The monodromy ϕ extends to W 2n−22 by the identity along C2n−2.
We will also rename (W 2n−21 , dλ), replacing it with the slightly enlarged copy
(W 2n−21 , dλ) ∪ ([0, δ]×M2n−31 , d(etα)),
without changing notation.
Generalized mapping tori and Giroux forms. Let λ be a Liouville form for a rep-
resentative of the natural homotopy class of Weinstein structures associated to
W 2n−21 , such that ϕ is a symplectomorphism with respect to dλ. We ask also that
λ = etα in the collar neighborhood (−δ, 0] ×M2n−31 , δ > 0 as before, where t is the
coordinate in the first factor, and α is the given Giroux form in M2n−31 . We denote
by Vλ the Liouville vector field associated to dλ, and we assume that ϕ is the iden-
tity in (−δ, 0]×M2n−31 . By a lemma of Giroux, up to isotopy we may assume that ϕ
is an exact symplectomorphism, i.e. we have
ϕ∗λ = λ− dh,
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for some positive smooth function h : W 2n−21 → R, which is constant equal to 1 in
the δ-collar neighborhood of M2n−31 . We then write
M2n−11 = M
2n−3
1 × D2
⋃
MT (W 2n−21 , ϕ),
where
MT (W 2n−21 , ϕ) := W
2n−2
1 × R
/
(x, 0) ∼ (ϕ(x), h(x))
Observe that, by construction, the “generalized” mapping torus MT (W 2n−21 , ϕ)
carries a well-defined contact form α1 := λ + dφ, where φ is the coordinate in the
R-factor. The following modification will also be useful: For any r ∈ R+, we may
define
MTr(W
2n−2
1 , ϕ) = W
2n−2
1 × R/(x, 0) ∼ (ϕ(x), h(x)/r).
By construction,MTr(W 2n−21 , ϕ) carries a well-defined contact form αr := λ+rdφ
(and its diffeomorphism type is clearly r-independent). This construction is origi-
nally due to Giroux, and this 1-form is the restriction of a Giroux form to the general-
ized mapping torusMTr(W 2n−21 , ϕ). We also have the following model for a Giroux
form alongM2n−31 ×D2: If (r, θ) are polar coordinates onD2, we may take α1 = σ+α.
Here, α is the Giroux form on M2n−31 , and σ is a Liouville form on D2, chosen so
that σ = rdθ near r = 1. One needs to smoothen the two expressions of α1 so that
they glue together smoothly. The complete construction of α1, including how to
actually glue the two expressions together, will actually follow from our construc-
tion below. Our choice of smoothening of the corner (M2n−31 ×D2)∩MT1(W 2n−21 , ϕ)
will implicitly do the gluing. The result will be a Giroux form α1 on M2n−11 (so that
the induced contact structure is supported by the IP open book decomposition in
M2n−11 ), which is modelled by the above expressions on each separate piece.
We denote
M2n−11,S := M
2n−3
1 × D2,
and call it the spine of M2n−11 , and
M2n−1r,P := MTr(W
2n−2
1 , ϕ),
and call it the r-paper.
We refer to the 1-paper M2n−11,P simply as the paper of M
2n−1
1 (the 2-paper will be
contained in the paper of the resulting manifold M2n−12 ).
A “trivial” symplectic cobordism. We will now define an open symplectic mani-
fold (E,ωE) having M2n−11 as a contact-type hypersurface. Symplectically, (E,ωE)
will be symplectomorphic to an open piece of the symplectization of the contact
manifold (M2n−11 , α1). What follows is an adaptation of a construction in [25] (see
also [28]).
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We enlarge the spine M2n−11,S to
M̂2n−11,S := M
2n−3
1 × D2(2),
where D2(2) denotes the 2-disk of radius 2 in C, and we take polar coordinates
reiφ ∈ D2(2). We pick a Liouville form σ in D2(2), so that σ = rdφ for r ∈ (1− δ, 2].
We denote the associated Liouville vector field by Vσ, so that Vσ = r∂r in the collar
(1− δ, 2]× S1 ⊂ D2(2).
Again for the same δ > 0 chosen before, we define
N rP := (−δ, δ)×M2n−31 × R/
1
r
Z ⊂M2n−1r,P ,
which is a collar neighborhood of ∂M2n−1r,P . We take coordinates (t, b, φr) ∈ N rP , and
we define φ := rφr ∈ S1. We also define
NS := M2n−31 × (1− δ, 2]× S1 ⊂ M̂2n−11,S ,
with coordinates (b, r, φ) ∈ NS , and
M2nP :=
{
(r, w) : r ∈ (1− δ, 2], w ∈M2n−1r,P
}
=
⋃
r∈(1−δ,2]
M2n−1r,P .
Moreover, we have a collar
NP := {(r, w) : r ∈ (1− δ, 2], w ∈ N rP} =
⋃
r∈(1−δ,2]
N rP ⊂M2n−1P .
Let E be the open manifold
E = (−δ, δ]× M̂2n−11,S
⊔
M2nP
/
∼ ,
where we identify a tuple (t, b, r, φ) ∈ (−δ, δ]×NS ⊂ (−δ, δ]×M̂2n−11,S , with (r, t, b, φr =
φ/r) ∈ NP ⊂M2nP (see, again, Figure 1).
Observe that E has boundary and corners, and contains a copy of M2n−11 as a
hypersurface (with corners), depicted in blue in Figure 1. Indeed, we have
M2n−11 ∼= {0} ×M2n−11,S
⋃
M2n−11,P ⊂ E,
and its corner is ({0} ×M2n−11,S ) ∩M2n−11,P . We can always smoothen the latter, and
we shall make this smoothening explicit below. Moreover, there is a global and
well-defined coordinate r on E, as well as a coordinate t (which is not globally
defined). We denote by E(t) the region of E along which t is defined. We also have
a symplectic “fibration” pi : E → D2(2), whose fibers change topological type. For
r > 1 − δ, the fiber over (r, φ) is (W 2n−21 , dλ), and for r ≤ 1 − δ, it is a copy of the
collar neighborhood ((−δ, δ]×M2n−31 , d(etα)).
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The boundary of E can be written as
∂E = ∂hE ∪ ∂vE,
where
∂hE := {t = δ} = {δ} × M̂2n−11,S
∂vE := {r = 2} = M2n−12,P
The corner of E is then ∂hE ∩ ∂vE = {t = δ, r = 2}.
We now construct a symplectic form ωE in E. Observe that we have a well-
defined 1-form λE := λ+σ onE, and it is straightforward to check that it is actually
Liouville. Then ωE := dλE is symplectic. Denote by VE the associated Liouville
vector field, which is nothing else than VE = Vλ+Vσ. Observe that VE is manifestly
positively transverse to the hypersurface M2n−11 ⊂ E, away from its corner. Along
the region {r > 1−δ}∩E(t), which contains the corner ofE and that ofM2n−11 ⊂ E,
we have λE = etα+rdφ, and so VE = ∂t+r∂r. This means that VE will be positively
transverse to any reasonable smoothening inside E of the corner of M2n−11 . For
example, we may choose smoothening functions F,G : (−δ, δ)→ (−δ, 0] satisfying:
(F (ρ), G(ρ)) = (ρ, 0), for ρ ≤ −δ/3
G′(ρ) < 0, for ρ > −δ/3
F ′(ρ) > 0, for ρ < δ/3
(F (ρ), G(ρ)) = (0,−ρ), for ρ ≥ δ/3
And then we may replace the region M2n−11 ∩{t ∈ (−δ, 0], r ∈ (1− δ, 1]}, contain-
ing the corner of M2n−11 , with the smoothened corner
M2n−11,C :={(r = 1 + F (ρ), t = G(ρ), b, φ1+F (ρ) = φ/(1 + F (ρ))) :
(ρ, b, φ) ∈ (−δ, δ)×M2n−31 × S1}
(3.1)
See Figure 1. We then obtain a hypersurface of the form
M˜2n−11 = M˜
2n−1
1,S ∪M2n−11,C ∪ M˜2n−11,P ,
where
M˜2n−11,S = M
2n−1
1,S \NS = M2n−31 × D2(1− δ),
and
M˜2n−11,P = M
2n−1
1,P \N 1P .
Clearly, we have that
M˜2n−11 ∼= M2n−11 ,
and so we will drop the tilde from all the notation. Then, VE is positively transverse
to M2n−11 . It follows that M
2n−1
1 is indeed a contact-type hypersurface, inheriting
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the contact form α1 := λE|M2n−11 . Our construction actually implies that α1 is a
Giroux form for M2n−11 .
The handle. We now construct a handle, which we will attach on top of the mani-
fold E. Topologically, this handle is of the form C2n−2 × D2(2), and we attach it on
top of E by the obvious identification (see Figure 1). Symplectically, we endow it
with the 2-form ωC2n−2 + dσ, which is indeed symplectic, and by construction this
glues smoothly to ωE . So we get a symplectic cobordism
(C2n, ωC2n) := (E,ωE) ∪
(
C2n−2 × D2(2), ωC2n−2 + dσ
)
.
This cobordism contains a collar
((−, 0]×M2n−12 × D2(2), d(esΛ′) + Ω′ + dσ),
and again has a corner, corresponding to {s = 0} ∩ {r = 2} in this collar, where
s ∈ (−, 0]. We smoothen this corner similarly as before, where we replace δ by
, and ρ by τ ∈ (−, ) in the choice of smoothening functions F,G, and we set
r = 2 + F (τ), s = G(τ). We rename C2n, replacing it with its smoothened version,
and where we also remove the region of E which is identified with the negative
symplectization of the hypersurface M2n−21 (this version of C2n is depicted in red
in Figure 1). Then C2n now has M2n−21 as a concave contact-type boundary compo-
nent, and its positive boundary component can be written as
M2n−12 = M
2n−1
2,S ∪M2n−12,C ∪ M̂2n−12,P .
Here we have the following:
(1) M2n−12,S = M
2n−3
2 × D2(2− ) is the spine of M2n−12 ,
(2) M2n−12,C ∼= (−, )×M2n−32 × S1 is its smoothened corner, and
(3) if W 2n−22, := W
2n−2
2 \((−, 0]×M2n−12 ) and C2n−2 := C2n−2\((−, 0]×M2n−12 ),
then M̂2n−12,P = MT2(W
2n−2
2, , ϕ) = M
2n−1
2,P ∪ (C2n−2 × S1) is its paper.
Topologically, this is just an open book decomposition with page W 2n−22 and
monodromy ϕ. But, since W 2n−22 is not Liouville, M
2n−1
2 does not carry any ob-
vious contact structure supported by this open book decomposition. However, it
does carry a stable Hamiltonian structure, constructed below. We call this decom-
position a topological open book decomposition, and denote it by
M2n−12 = TOB(W
2n−2
2 , ϕ).
In summary, we have
∂C2n = −OB(W 2n−21 , ϕ)
⊔
TOB(W 2n−22 , ϕ).
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The stable Hamiltonian structure. We now make the boundary componentM2n−12 ⊂
∂C2n a stable one. We write down a vector field X , which is Liouville near M2n−11 ,
and stabilizing near M2n−12 , as follows.
Choose bump functions
β1 : (−, 0]→ [0, 1],
β0 : [0, δ)→ [0, 1]
satisfying:
• β1 ≡ 0 near s = −, β1 ≡ 1 near s = 0.
• β0 ≡ 0 near t = δ, β0 ≡ 1 near t = 0.
Denote by C2n(s) the region of C2n in which the coordinate s is defined, and
similarly denote C2n(t).
We then define the vector field X on C2n by
X =

β1(s)∂s + Vσ, along C2n(s)
Vσ, along C2n\(E ∪ C2n(s))
β0(t)∂t + Vσ, along C2n(t)
Vλ + r∂r, along M2nP \C2n(t)
(3.2)
Then X is transverse to ∂C2n, negatively at −M2n−11 , along which is Liouville,
and positively at M2n−12 . It is straightforward to check that X actually stabilizes
M2n−12 , and it is actually Liouville along M
2n−1
2,P ⊂ M̂2n−12,P ⊂ M2n−12 . We obtain a
stable Hamiltonian structure
H2n−1 = (Λ,Ω) := (iXωC2n|M2n−12 , ωC2n|M2n−12 ),
which is contact along M2n−12,P .
This finishes the inductive construction.
Remark 3.1. Let us write explicit expressions forH2n−1.
Along M2n−12,P , we have
H2n−1|M2n−12,P = (λ+ 2dφ, dλ) , (3.3)
and we clearly see in this expression that it is contact along this region.
Along the collar (−δ, δ)×M2n−11 × S1 ⊂ M̂2n−12,P , we obtain
H2n−1|(−δ,δ)×M2n−11 ×S1 =
(
β0(t)e
tα + 2dφ, d(etα)
)
. (3.4)
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Along C2n−2 × S1 ⊂ M̂2n−12,P , we get
H2n−1|C2n−2 ×S1 = (2dφ, ωC2n−2) . (3.5)
Along the smoothened corner M2n−12,C , we have
H2n−1|M2n−12,C =
(
eG(τ)β1(G(τ))Λ
′ + (2 + F (τ))dφ,
d(eG(τ)Λ′) + Ω′ + F ′(τ)dτ ∧ dφ) . (3.6)
Finally, along M2n−12,S , we see that
H2n−1|M2n−12,S = (Λ
′ + σ,Ω′ + dσ) . (3.7)
Observe that the expression (3.7) is contact along the regions where H2n−3 =
(Λ′,Ω′) is contact. For example, assumingH2n−3 is the stable Hamiltonian structure
arising from this construction in the previous step, this is the case for M2n−32,P ×
D2(2− ) ⊂M2n−12,S .
4. MODIFICATION FOR WEAK FILLINGS
In this section, we modify the symplectic cobordism C2n so that we may glue it
on top of an arbitrary symplectic manifold (W 2n, ω) with a weak boundary com-
ponent M2n−11 ⊂ ∂W 2n, an IP contact manifold. What follows is an adaptation of a
construction in [25].
We assume that we are given a closed 2-form ω in M2n−11 , such that ω|ξ > 0,
where ξ = kerα1 is the contact structure inM2n−11 associated to the Giroux form α1,
and supported by the IP open book decomposition. The 2-form ω takes the role of
ω|M2n−11 in the presence of (W 2n, ω).
By induction, we can arrange a closed 2-form η in M2n−11 such that:
(1) [η] = [ω] ∈ H2dR(M2n−11 ).
(2) η is a pullback of a closed 2-form η′ in the binding M2n−31 along M
2n−1
1,S ∪
M2n−11,C ∼= M2n−31 × D2, such that, recursively, η′ also satisfies conditions (1)
and (2) for dimension 2n− 3 (replacing ω by ω|M2n−31 in (1)).
The second condition follows from contractibility ofD2, and yields, in particular,
that η is independent on φ ∈ S1 along M2n−11,S ∪M2n−11,C . Observe that, because of
dimensional reasons, η′ ≡ 0 in the base case n = 2, and (2) is automatic.
4.1. Cohomological extension. We now wish to extend η to a closed 2-form to
C2n. We do this, again, by induction. We will show that we can always extend
closed 2-forms in M2n−11 satisfying condition (2) above, to suitable closed 2-forms
in C2n.
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Base case n = 2. The 4-dimensional cobordism C4 is a result of attaching a col-
lection of 2-handles to the planar contact 3-manifold M31 . In particular, we have
H3(C
4,M31 ;R) = 0, since there are no 3-handles, and it follows from the long exact
sequence of the pair (C4,M31 ) that the map H2(M31 ;R)→ H2(C4;R) is injective. By
duality (over the field R), the map H2(C4;R)→ H2(M31 ;R) is surjective. In terms of
de Rham cohomology, this means that we can always extend closed 2-forms in M31
to closed 2-forms in C4. Moreover, by topological reasons, i.e. contractibility of the
interval, we can choose the extension so that it is independent on the coordinates
s and t along the collars where each are defined (meaning independence on both
coefficients and differentials). This implies that η is a 2-form in S1 × S2, and, since
H2dR(S
1 × S2) = H2dR(S2) ∼= R,
η can be taken to be a constant multiple of ωS2 near M32 = S1 × S2.
Inductive step. We assume by induction that we can always extend closed 2-forms
on M2n−31 satisfying condition (2) (in dimension 2n−3) to closed 2-forms on C2n−2.
Now, take η a closed 2-form in M2n−11 satisfying (2). First, we observe that we can
always extend it to the portion
M2nP =
⋃
r∈[1,2]
M2n−1r,P ∼= M2n−11,P × [1, 2] ⊂ C2n
in the obvious way, i.e. via pull-back, so that it is r-independent. The rest of C2n is
diffeomorphic to C2n−2 × D2(2). Identify η with a closed 2-form η′ in M2n−31 along
M2n−31 × D2(2) ⊂ C2n
which also satisfies (2), and, by the induction hypothesis, choose an extension of
η′ to C2n−2 (also called η′). Again, by topological reasons, we can assume that η′ is
t-independent in the collar neighborhood
(−δ, δ)×M2n−31 ⊂ C2n−2,
and s-independent in
(−, 0]×M2n−32 ⊂ C2n−2.
We then extend η to C2n−2 × D2(2) via pullback, so that it is D2(2)-independent.
Observe that the two extensions glue together smoothly, and that our assumptions
on η′ of s- and t-independence are compatible with the construction of η (when this
one takes over the role of η′ in the next step). This finishes the induction argument.
Remark 4.1. Observe that it follows from the construction that η is r-, s-, and t-
independent wherever these variables are defined, and φ-independent along the
region C2n\M2nP .
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4.2. η-perturbation. Let us now fix a closed 2-form η in C2n, constructed induc-
tively as above. We modify the symplectic form ωC2n to the 2-form
ωηC2n := CωC2n + η,
for a large constant C  1. If C is chosen large enough, this 2-form is indeed sym-
plectic, since the first summand then dominates, and nondegeneracy is an open
condition. Since [ω] = [η] and ω|ξ > 0 along M2n−11 , by Lemma 1.10 in [26], we get
a symplectic form on [0, 1] ×M2n−11 which coincides with ω on {0} ×M2n−11 and
with Cdα1 + η on {1}×M2n−11 , for any C sufficiently large. Therefore, after attach-
ing this symplectic cobordism [0, 1]×M2n−11 , we may glue the symplectic manifold
(C2n, ωηC2n) to any symplectic manifold (W
2n, ω) havingM2n−11 as a weak boundary
component. We shall denote
H2n−1η := (iXωηC2n|M2n−12 , ω
η
C2n|M2n−12 ) = CH
2n−1 + (iXη|M2n−12 , η|M2n−12 ),
where X is the stabilizing vector field defined in (3.2). Observe that since H2n−1η
is a perturbation of the SHS H2n−1, it is a framed Hamiltonian structure, i.e. the
framing condition (which is open) still holds. Whereas the stability condition is
not open, we will show in next section, nevertheless, that H2n−1η is indeed still a
stable Hamiltonian structure along a specified region of M2n−12 , which is full of
2-spheres. Observe also that the regions along which H2n−1 is contact, become
weakly dominated under the η-perturbation (since weak domination is an open
condition).
5. MODULI SPACE OF SPHERES
In this section, we construct an almost complex structure in the symplectic cobor-
dism C2n constructed in Section 3, together with a moduli space of holomorphic
spheres.
5.1. Almost complex structure on a local model. After running the inductive step
of the construction of C2n, with the particular base case we chose, from Equation
(3.7), we obtain the following local model for the stable Hamiltonian manifold
(M2n−12 ,H2n−1) around the binding M32 = S1 × S2 of M52 ⊂M72 ⊂ · · · ⊂M2n−12 :(
Y := S1 × S2 × D21 × · · · × D2n−2,
(
dθ +
n−2∑
i=1
σi, ωS2 +
n−2∑
i=1
dσi
))
Here, D2i is a copy of the 2-disk D2, ωS2 is an area form on S2, and σi is a Liouville
form in the i-th disk D2i . In particular, its kernel is
ξY := TS
2 ⊕ ξ0,
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where ξ0 = ker
(
dθ +
∑n−2
i=1 σi
)
is a contactization contact structure associated to
the Liouville domain
(
D :=
∏n−2
i=1 D2i , σ :=
∑n−2
i=1 σi
)
, and so it is a “confoliation”.
Observe also that its Reeb vector field is ∂θ.
Let us then choose almost complex structures jS2 and Jξ0 which are respectively
compatible with ωS2 and dσ|ξ0 , and define an almost complex structure J on ξY by
J = jS2 ⊕ Jξ0
We extend J to (−, 0] × Y so that it maps ∂s to ∂θ. Then, J is adapted to the
symplectization of the stable Hamiltonian structureH2n−1|Y along Y , which is just
the collar (−, 0]×Y inside C2n. Observe that, whereas Y is weakly pseudoconvex
for this choice of J , the region
S1 × D ⊂ (−, 0]× Y
becomes a strictly pseudoconvex portion of the boundary.
By our specific choice of extension η, the region Y ⊂M2n−12 remains stable under
the η-perturbation. The analogous local model for the η-perturbed stable Hamil-
tonian structure along Y , for inductively constructed η, is(
Y = S1 × S2 × D21 × · · · × D2n−2, C
(
dθ +
n−2∑
i=1
σi, ωS2 +
n−2∑
i=1
dσi
)
+ (0, η)
)
,
where η = KωS2 for some K ∈ R, and C needs to be chosen sufficiently large so
thatC+K > 0. In particular, the same J as for the unperturbed stable Hamiltonian
structureH2n−1 is adapted to the symplectization ofH2n−1η along Y .
5.2. Extension to C2n. Choose any extension of J to an ωC2n-compatible almost
complex structure on C2n, so that J is compatible with the stable Hamiltonian
structure H2n−1 near M2n−12 , and makes the latter a weakly pseudoconvex bound-
ary component, which is strictly pseudoconvex along the regions where it is weakly
dominated. In the non-perturbed cobordism (C2n, ωC2n), we take J to be cylindri-
cal near the concave contact-type boundary component −M2n−11 ⊂ ∂C2n, and also
cylindrical near the convex contact-type portion
M2n−12,P ⊂M2n−12 ⊂ ∂C2n
so that in particular the latter region is actually strictly pseudoconvex. In the η-
perturbed one (C2n, ωηC2n), we take J = Jη to be a perturbation of the J for the
unperturbed data, which is still compatible with the perturbed stable Hamiltonian
structure in the regions which remain stable under the perturbation, and so that
the weak boundary piece M2n−12,P is still strictly pseudoconvex.
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As in previous sections, a more detailed inductive construction is also possible.
However, it will not be too relevant for our purposes, for which the above local
model will suffice, so we will not include further details. For example, we may
also assume inductively that, along C×S1 ⊂M2n−12 , whereH2n−1 = (2dφ, ωC2n−2),
the almost complex structure J coincides with the almost complex structure J ′
corresponding to dimension 2n − 2 on TC2n−2 = ker dφ (and maps ∂r to ∂θ in a
collar).
Similarly, along M2n−12,P , we have
ker Λ = ker Λ′ ⊕ 〈v − σ(v)R′ : v ∈ TD2(2− δ)〉 ,
where R′ is the Reeb vector field ofH2n−3 = (Λ′,Ω′). So, we may choose J = J ′⊕ ĵ,
where j is any dσ-compatible almost complex structure on D2(2), and ĵ its lift to
〈v − σ(v)R′ : v ∈ TD2(2− δ)〉 ∼= TD2(2−δ). This is compatible with the local model
above, where Jξ0 becomes Jξ0 =
⊕n−2
i=1 ĵi for ji a dσi-compatible almost complex
structure on D2i . All local expressions can be suitably glued together along the
smoothened corners.
5.3. A local moduli space. For this choice of almost complex structure J , the
spheres
u(s,θ,z) = {s} × {θ} × S2 × {z} ⊂ (−, 0]× S1 × S2 × D = (−, 0]× Y
are clearly J-holomorphic in C2n. Since their normal bundles are trivial, by the
Riemann-Roch formula, their index is 2n−2. Moreover, they are Fredholm regular.
Indeed, since J splits, so does the associated normal linearized Cauchy-Riemann
operator, which is the direct sum of trivial ∂ operators acting on trivial line bun-
dles, each having index 2. These are surjective by automatic transversality, and
therefore so is the normal linearized Cauchy-Riemann operator.
We will denote by M the moduli space of J-holomorphic spheres in C2n con-
taining the spheres u(s,θ,z). Observe that we have shown thatM is a manifold of
dimension (2n− 2) around the latter.
5.4. Local uniqueness. In this section, we prove the following:
Lemma 5.1 (Local Uniqueness Lemma). By shrinking  if necessary, any holomorphic
map u : (S2, jS2) → (C2n, J) in the moduli spaceM, which intersects (−, 0] × Y , is (a
reparametrization of) one of the spheres u(s,θ,z).
Proof. First, we assume that u intersects {0} × Y . In this case, we define the open
set
U := u−1((−, 0]× Y ).
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Then u|U = (u1, u2), where u1 : U → S2, and u2 : U → (−, 0]× S1×D are holomor-
phic maps. Since u2 touches the strictly pseudoconvex boundary of (−, 0]×S1×D
tangentially, it follows that it is constant. This implies that U = S2, and u is a
reparametrization of a sphere u(0,θ,z).
In the general case, we will assume to the contrary that we have a sequence
uk of holomorphic spheres intersecting {−k} × Y , for k → 0, and that are not
reparametrizations of any of the u(s,θ,z). Then, a subsequence converges to a nodal
configuration inM intersecting {0}×Y . This configuration is then a reparametriza-
tion of a sphere u(0,θ,z). But the implicit function theorem implies that every sphere
inM near u(0,θ,z) is of the form u(s′,θ′,z′) for some (s′, θ′, z′), which is a contradiction.
This proves the lemma. 
6. WEAK SEMI-FILLABILITY
We now proceed to the proof of the Theorem A.
Proof. Assume that (W 2n, ω) is a symplectic semi-filling, having the IP contact
manifold (M2n−1, ξ) as a boundary component, where ξ is supported by an IP
open book decomposition, and other nonempty boundary components. Given any
Giroux form α for ξ, in the strong case, we may assume that ω|(−δ,0]×M = d(etα) in
some δ-collar neighborhood of M . In the weak case, we may take ω|(−δ,0]×M =
Cd(etα) + ω|ξ, for some C > 0 constant.
Using the modification of Section 4, if necessary, we can then attach the sym-
plectic cobordism (C, ωC) to (W,ω) along (M, ξ = kerα), where α is the explicit
Giroux form arising from the construction of (C, ωC). We obtain a new bound-
ary component M ′, which is stable in the strong case, and, in the weak case, has
portions which are stable, and others which are weakly dominated (arising as a
small perturbation of a contact-type data). Near M ′, we have a moduli space of
J-holomorphic spheres for the almost complex structure J from Section 5 defined
on C, stemming from a subregion of the form (−, 0]× Y ⊂ C.
We now extend the almost complex structure J onC toW , so that it makes all the
boundary components different from M ′ strictly pseudoconvex. We then obtain a
moduli space of holomorphic spheres M in W , containing the spheres in C. Its
virtual dimension is 2n− 2, and it is a manifold near the spheres in (−, 0]× Y . We
add a marked point to the domain of each curve inM, obtaining a moduli space
M• of virtual dimension 2n, and an evaluation map ev :M• → W .
Observe that, while the spheres in M• are somewhere injective if they lie in
(−, 0] × Y , there could be multiple covers somewhere else, or in components of
nodal configurations in the compactificationM•. We then appeal to the polyfold
technology of [21], together the regularization of constrained moduli spaces of [13]
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(cf. the proof of Theorem 6.1 in [26]). We view the Gromov compactificationM•
ofM• as sitting inside a Gromov-Witten polyfold B containing stable nodal con-
figurations of spheres with one marked point and possibly multiple components.
We view the nonlinear Cauchy-Riemann operator ∂J as a section of a strong poly-
fold bundle E → B with zero set ∂−1J (0) = M•. We then introduce an abstract
perturbation p, which is a multivalued section of E and in general can be chosen
arbitrarily small and supported near M•, and which is generic in the sense that
∂J +p is transverse to the zero section. Moreover, we are free to choose it in such a
way that it is supported away from an open region of the moduli spaceM• ⊂M•
containing the spheres in (−, 0]× Y , since we already know these are regular. We
obtain a perturbed moduli space
M′• = (∂J + p)−1(0),
which is a 2n-dimensional compact, oriented, weighted branched orbifold, which
we will denote by COWBOY, with boundary and corners, and it comes equipped
with an evaluation map
ev :M′• → W
at the marked point.
Observe that our choice of perturbation implies that the elements of M′• ap-
proaching (−, 0] × Y are still actually J-holomorphic curves, and so the Local
Uniqueness Lemma 5.1 continues to hold. Also, no element in the unperturbed
moduli spaceM• is allowed to tangentially touch the portions of the boundary of
W along which J is strictly pseudoconvex. By a Gromov compactness argument,
the same is true for the perturbed moduliM′• (for sufficiently small perturbation).
Pick a generic smooth path l : [0, 1] → W with l(0) = (0, θ, p, z) ∈ {0} × Y , for
some p ∈ S2, and with l(1) lying in a boundary component M ′′ of W different from
M ′, meeting both transversely inside W . Consider the constrained moduli space
M′•,l := ev−1(l). By the results in [13],M′•,l is, for generic choices, a 1-dimensional
COWBOY with boundary ev−1(∂l). By strict pseudoconvexity, no curve in M′•,l
intersects M ′′ tangentially, and hence
∂M′•,l = ev−1(l(0)) = {u(0,θ,z)}
by the Local Uniqueness Lemma 5.1. But there exist no 1-dimensional COWBOY
with connected boundary, and hence we get a contradiction. 
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7. NONSEPARATING WEAK CONTACT-TYPE HYPERSURFACES
We now prove the Theorem B.
Proof. Assume to the contrary that the IP contact manifold (M2n−1, ξ) embeds into
a closed symplectic manifold (W 2n, ω) as a nonseparating weak contact-type hy-
persurface. We now adapt the proof in [4], to which we refer the reader for more
details.
We cut W open along M , obtaining a symplectic cobordism (W1, ω1) having two
weakly dominated boundary components M±, one positive and one negative, and
both diffeomorphic to M . We “get rid” of the negative boundary component M−,
by attaching infinitely many copies of W1 at M−, at each step identifying M− with
M+. That is, we inductively define
(Wn, ωn) = (Wn−1, ωn−1)
⋃
M−∼M+
(W1, ω1).
After the induction, the result is a noncompact symplectic manifold (W∞, ω∞)
with boundary M+ ∼= M , which is positively weakly dominated. By construction,
W∞ contains infinitely many copies of M , as weak contact-type hypersurfaces. We
attach the perturbed version of the symplectic cobordism (C2n, ωC2n) (of Section 4)
to (W∞, ω∞) along its positive boundary M+, obtaining a new symplectic manifold
(W ′∞, ω
′
∞) with stable boundary M ′.
Observe that, by construction, the symplectic form ω∞ is periodic. Therefore, we
may choose any ω′∞-compatible almost complex structure J in W ′∞, which extends
the almost complex structure along C2n of Section 5, which is also periodic along
W∞ ⊂ W ′∞, and which makes every copy of M inside W∞ strictly pseudoconvex.
Periodicity then implies that W∞ has bounded geometry, which means in particu-
lar that holomorphic curves with bounded energy have bounded diameter, where
the bound on the diameter depends only on the energy bound.
From Section 5, we obtain a moduli space M• of spheres with a marked point
in W ′∞, of virtual dimension 2n, stemming from a region (−, 0] × Y ⊂ C2n. We
may now use similar arguments as in the proof of Theorem A. Namely, we choose
a properly embedded generic path l : [0,+∞)→ W ′∞, with l(0) ∈ (−, 0]× Y , such
that l is transverse to M ′. As in the proof of Theorem A, by abstractly perturbing
the Cauchy-Riemann equation, we obtain a 1-dimensional noncompact, oriented,
weighted branched orbifold (an OW-BOY)M′•,l, consisting of spheres constrained
to intersect l. Observe that no sphere in M′•,l is allowed to shoot off down the
noncompact piece ofW ′∞ in such a way that its distance toM ′ goes to infinity, since
otherwise there would exist a sphere which tangentially intersects (from below)
one of the infinitely many strictly pseudoconvex hypersurfaces. This means that
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there is a sequence of spheres inM′•,l which “stretches out” down the noncompact
piece, but always staying at a bounded distance from M ′. But this cannot happen,
because of the diameter bounds. 
8. THE WEINSTEIN CONJECTURE
We now prove the Theorem C.
Proof. Let (M2n−1, ξ) be an IP contact manifold and α0 be any contact form induc-
ing ξ. Let α1 be the Giroux form adapted to the IP open book decomposition with
kerα1 = ξ, which we explicitly constructed in Section 3. Then, as in e.g. [5], we
may construct an exact symplectic cobordism ((−∞, 0] ×M,dλ), where λ = etα0
for t ≤ −1, and λ = etα1 for t ∈ [−, 0] for any given small  > 0.
We attach the (non-perturbed) symplectic cobordism (C2n, ωC2n) constructed in
Section 3 to ((−∞, 0]×M,dλ) along {0}×M , obtaining a (non-exact and noncom-
pact) symplectic cobordism
(W,ω) = ((−∞, 0]×M,dλ)
⋃
M
(C2n, ωC2n)
with stable boundary M ′. We extend the almost complex structure J constructed
in Section 5 to W , so that it is cylindrical in the cylindrical ends of W . We thus
obtain a moduli spaceM of spheres in W stemming from M ′, for which the Local
Uniqueness Lemma holds in a subregion of the form (−, 0]×Y ⊂ (−, 0]×M ′ ⊂ W.
Choose a generic path l : [0,+∞) → W with l(0) ∈ {0} × Y ⊂ ∂W , which is
transverse toM ′, and properly embedded inW . Add a marked point to the domain
of the spheres, obtaining a moduli space M• of virtual dimension 2n. As in the
proof of Theorem B, by introducing an abstract perturbation which vanishes near
the spheres in (−, 0] × Y , we obtain a 2n-dimensional OW-BOY with boundary
and cornersM′•, together with an evaluation map ev :M′• → W . By the exactness
of ω in (−∞, 0]×M ⊂ W , the noncompactness ofM′• corresponds only to spheres
escaping down the negative end.
Consider the constrained moduli space M′•,l = ev−1(l), which is, for generic
choices, a 1-dimensional OW-BOY with boundary ev−1(l(0)) (by the Local Unique-
ness Lemma). Observe that, by the exactness of ω along (−∞, 0] ×M , no sphere
in M′•,l can completely lie in (−∞, 0] × M ⊂ W . It follows that, as we trans-
verseM′•,l towards its (possibly multiple) noncompact ends, we obtain a sequence
of spheres which are “stretching out” towards the negative end of W . By Gro-
mov compactness, this sequence breaks at the negative end, and we obtain a finite
energy holomorphic curve in the negative symplectization of (M,α0).This proves
Theorem C. 
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